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a b s t r a c t
Let H be a subgraph of a given graph G. The weightw(H) is defined to be the degree sum of
the vertices of H in G. Investigations of this parameter are initiated by the result of Kotzig
in 1955 who proved that every 3-connected planar graph contains an edge of weight at
most 13.
In this paper, we seek a bound f depending on some parameters of G and H such that
w(H ′) ≤ f for every induced subgraph H ′ in G isomorphic to H . We obtain the following
result for r ≥ 3: If H is an induced k-colorable subgraph of a K1,r -free graph G, and I∗ is a
largest independent set in G, thenw(H) ≤ k(r − 1)(n− α(G))−v∈V (H)−I∗ ((k− 1)(r −
1)− dH(v)).
Moreover, we give some sharpness examples.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a simple graph, and let H be a subgraph of G with vertex set V (H) and edge set E(H). The weight w(H) of H is
defined by
w(H) =

v∈V (H)
dG(v),
where dG(v) is the degree of the vertex v in G. Usually, Gwill belong to a special graph class and the problem is to determine
upper bounds for the weight of special subgraphs in G.
Problems of this kind have been studied since the beautiful result of Kotzig in 1955 [16] saying that every 3-connected
planar graph contains an edge of weight at most 13.
Many authors have dealt with subgraphs in planar graphs as well as graphs embedded on general surfaces, see e.g. [1–4,
6–9,11–13,15,17,18]. All these results are of the same kind. The authors find a bound b such that for every graph G from a
given graph class and a given graph H there exists a subgraph H ′ in G isomorphic to H with w(H ′) ≤ b. Usually, the bound
b is a constant or it depends only on the number of vertices of H .
In 1990 P. Erdős asked the question:What is theminimumweight of an edge of a graph G having n vertices andm edges?
In [14] Jendrol’ and Schiermeyer gave a precise answer to this question. The statement of the theorem is too elaborate to
give the details here.
Harant et al. [10] started to investigate a related kind of question. They asked for a bound on the weight that is valid for
every subgraph of a given type, where G again is from a special graph class.
A graph G is K1,r -free if it does not contain an induced subgraph isomorphic to the star with r leaves. For r = 3 we obtain
the well-studied class of claw-free graphs. See [5] for a survey on claw-free graphs by Faudree, Flandrin, and Ryjáček.
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Fig. 1. Structure of G.
It is easy to see that every complete graph belongs to the class of K1,r -free graphs for r ≥ 2. Thus, we cannot find
reasonable bounds for the weight of any subgraph or type of subgraph. However, the situation changes if we ask about such
a bound for every induced subgraph of a special type.
Harant et al. obtained upper bounds for the weight of H , where H is an induced path or a cycle in a K1,r -free graph G.
Theorem 1 ([10]). Let G be a K1,r -free graph (r ≥ 3) of order n, and let I∗ be a maximum independent set of G with α = |I∗|. If
H is an induced path of length k ≥ 2r − 1 or an induced cycle of length k ≥ 2r in G, then
w(H) ≤ 2(r − 1)(n− α)− (r − 3)(k− t) ≤ 2(r − 1)(n− α),
where t denotes the number of vertices of I∗ belonging to H.
Our main result is a bound for the weight of an arbitrary induced k-colorable subgraph in a K1,r -free graph. A graph H is
k-colorable if there is a coloring ϕ : V (H)→ {1, . . . , k} such that ϕ(v) ≠ ϕ(w) for every edge vw ∈ E(H).
Theorem 2. For r ≥ 3, let G be a K1,r -free graph of order n. If H is a k-colorable induced subgraph of G, and I∗ is a largest
independent set in G, then
w(H) ≤ k(r − 1)(n− α(G))−

v∈V (H)−I∗
((k− 1)(r − 1)− dH(v)).
We will prove this theorem in Section 2. If H is a path or an even cycle, then we immediately obtain
w(H) ≤ 2(r − 1)(n− α(G))− |V (H)− I∗| ((r − 1)− 2) .
Thus, our result is a generalization of the known result given in Theorem 1.
Moreover, we also obtain the following Corollary from Theorem 2 by some more calculations given in Section 2.
Corollary 1. For r ≥ 3, if H is a k-colorable induced subgraph of a K1,r -free graph G of order n, then
w(H) ≤ k(r − 1)(n− α(G)).
In particular, ifH is a k-colorable subgraph of a claw-free graph G of order n, thenw(H) ≤ 2k(n−α(G)). For these graphs
it is known (see [5]) that a maximum independent set can be determined in polynomial time. Thus for claw-free graphs the
bounds given above can be calculated in polynomial time, too.
In Section 3 we will construct several examples for which the bounds in Theorem 2 and Corollary 1 are best possible.
2. Weights of k-colorable induced subgraphs
In this section we prove Theorem 2 and Corollary 1.
Proof of Theorem 2. We use the independent set I∗ to break the contributions tow(H) into several sets.
Define [V1, V2] to be the set of edges of Gwith one endpoint in vertex set V1 and the other endpoint in vertex set V2. Note
thatw(H) = 2|E(H)| + |[V (H), V (H)]|. Edges having one endpoint in V (H)may have their other endpoint in I∗ or not in I∗.
That is, let I = I∗ − V (H) and R = V (G)− (V (H) ∪ I), and let EI = [V (H), I] and ER = [V (H), R] (see Fig. 1).
We have w(H) = 2|E(H)| + |EI | + |ER|. To prove the desired upper bound on w(H), we prove upper bounds on |EI |
and |ER|.
Since H is a k-colorable induced subgraph of G, we can partition V (H) into k subsets that are independent in G. Thus each
vertex of R has at most r − 1 neighbors in each of these k sets, and
|ER| ≤ k(r − 1)|R|.
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For EI , we use that I is independent. Edges of EI have an endpoint in V (H)− I∗, and each such endpoint has at most r − 1
neighbors in I∗. Eliminating the s edges joining V (H)− I∗ to V (H) ∩ I∗ yields
|EI | ≤ (r − 1)|V (H)− I∗| − s.
Note that since V (H) ∩ I∗ is independent, 2|E(H)| − s =V (H)−I∗ dH(v).
In combining these bounds, we use |R| = (n− α(G)− |V (H)− I∗|). Thus
w(H) ≤ k(r − 1)(n− α(G))− (k− 1)|V (H)− I∗|(r − 1)− s+ 2|E(H)|
= k(r − 1)(n− α(G))−

v∈V (H)−I∗
((k− 1)(r − 1)− dH(v)). 
Proof of Corollary 1. By Theorem 2, it suffices to prove dH(v) ≤ (k−1)(r−1) for v ∈ H . This is immediate, since v belongs
to one color class in a proper k-coloring of H and has at most r − 1 neighbors in each of the other color classes. 
3. Sharp examples
In this section we give some examples where the bounds of Theorem 2 and Corollary 1, respectively, are best possible.
3.1. Complete multipartite graphs
Let G be a complete multipartite graph with r − 1 vertices in each color class, and let H be the union of k of the color
classes. Obviously, the independence number α = α(G) is r − 1, and G contains no induced K1,r . Furthermore, the graph H
is k-colorable by definition.
Thus |V (H)| = k(r − 1) and every vertex of H has n− α neighbors in G, where n = |V (G)|. Consequently
w(H) = k(r − 1)(n− α).
Hence the bound of Corollary 1 is best possible for this case.
3.2. H is (r − 1)-regular
For r ≥ 3, given an (r − 1)-regular graph H , construct G in the following way. For every edge xy of H , add a vertex uxy
and join it to x and y.
Thus, |V (G)| = |V (H)|+|E(H)|, and |E(H)| > |V (H)| since r ≥ 3. It is easy to check that {uxy | xy ∈ E(H)} is a maximum
independent set in G and G is K1,r -free. Moreover,
w(H) = (n− α(G)) · 2(r − 1).
This example achieves equality in the upper bound of Theorem 2, since dH(v) = r − 1 for all v ∈ V (H), and the vertex
set of H is the complement of the given independent set.
3.3. H is not regular
Here we construct sharp examples for Theorem 2 for arbitrary k ≥ 4 such that the graph H is not regular.
Take two cycles of arbitrary length a, and denote the vertices by x1, . . . , xa and y1, . . . , ya. In the following, indices are
taken modulo a. Join xi to yi and yi+1 for all i = 1, . . . , a (see Fig. 2).
Let Ti = {xi, yi+1, xi+1} and Si = {yi, xi, yi+1}. Fix s ≥ 1. For each Ti, add a clique with vertices z1i , . . . , zsi adjacent to all of
Ti. Similarly, add a clique with verticesw1i , . . . , w
s
i adjacent to all of Si. This graph is H .
We construct G in the following way. For every i, add a vertex ui and join it to xi, yi+1, xi+1, z1i , . . . , z
s
i , w
1
i , . . . , w
s
i and
w1i+1, . . . , w
s
i+1. Analogously, for every i add a vertex vi and join it to yi, xi, yi+1,w
1
i , . . . , w
s
i , z
1
i−1, . . . , z
s
i−1 and z
1
i , . . . , z
s
i .
To find the chromatic number ofH for s ≥ 1, consider first the subgraphofH inducedby x1, . . . , xa, y1, . . . , ya, z11 , . . . , z1a ,
w11, . . . , w
1
a (see Fig. 2). This subgraph contains 4-cliques and is planar. Thus, its chromatic number is 4. If s > 1, then adding
the remaining z ji andw
j
i for 2 ≤ j ≤ s, we obtain k = χ(H) = s+ 3 as well.
Note that we can partition V (G) into 2a subsets such that each subset induces a clique in G. Thus |α(G)| ≤ 2a.
Moreover, we may choose I∗ = {u1, . . . , ua, v1, . . . , va} and hence α(G) = 2a. For the number of vertices in G, we obtain
n = 2a(1+ s+ 1) = 2a(s+ 2).
Observe that the neighborhood of every vertex can be partitioned into 3-cliques. Therefore, G is K1,4-free, so r = 4.
Now let us determinew(H). We have |V (H)| = 2a+ 2as and
w(H) = 2a(3s+ 7)+ 2as(s+ 5) = 2as2 + 16as+ 14a.
On the other hand, Theorem 2 gives (note that V (H) ∩ I∗ = ∅)
v∈V (H)
dG(v) ≤ 2as2 + 16as+ 14a
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Fig. 2. Graph H for a = 6 and s = 1.
since
k(r − 1)(n− α)−

v∈V (H)
((k− 1)(r − 1)− dH(v))
= 3(s+ 3)(2a(s+ 2)− 2a)− (2a+ 2as)(s+ 2) · 3+

v∈V (H)
dH(v)
= (2as+ 2a) · 3+ 2a(3s+ 4)+ 2as(s+ 2) = 2as2 + 16as+ 14a.
Acknowledgment
We would like to thank the editor for very helpful comments to improve an earlier version of this paper.
References
[1] O.V. Borodin, Computing light edges in planar graphs, in: R. Bodendiek, R. Henn (Eds.), Topics in Combinatorics and Graph Theory, Physica-Verlag
Heidelberg, 1990, pp. 137–144.
[2] H. Enomoto, K. Ota, Connected subgraphs with small degree sum in 3-connected planar graphs, J. Combin. Theory 30 (1999) 191–203.
[3] I. Fabrici, S. Jendrol’, Subgraphs with restricted degrees of their vertices in planar 3-connected graphs, Graphs Combin. 13 (1997) 245–250.
[4] I. Fabrici, S. Jendrol’, Subgraphs with restricted degrees of their vertices in planar graphs, Discrete Math. 191 (1998) 83–90.
[5] R. Faudree, E. Flandrin, Z. Ryjáček, Claw-free graphs - a survey, Discrete Math. 169 (1997) 87–147.
[6] B. Grünbaum, Acyclic colorings of planar graphs, Israel J. Math. 14 (1973) 390–408.
[7] B. Grünbaum, Polytopal graphs, MAA Stud. Math. 12 (1975) 201–224.
[8] B. Grünbaum, G.C. Shephard, Analogues for tiling of Kotzig’s theorem on minimal weights of edges, Ann. Discrete Mat. 12 (1982) 129–140.
[9] J. Harant, S. Jendrol’, M. Tkáč, On 3-connected plane graphs without triangular faces, J. Combin. Theory (B) 77 (1999) 150–161.
[10] J. Harant, S. Jendrol’, R. Randerath, Z. Ryjáček, I. Schiermeyer, M. Voigt, On weights of induced paths and cycles in claw-free and K1,r -free graphs, J.
Graph Theory 36 (3) (2001) 131–143.
[11] J. Ivančo, The weight of a graph, Ann. Discrete Math. 51 (1992) 113–116.
[12] J. Ivančo, S. Jendrol’, On extremal problems concerning weights of edges of graphs, Colloquia Mathematica Societatis János Bolyai 60 (1991) 399–410.
[13] S. Jendrol’, T. Madaras, R. Soták, Zs. Tuza, On light cycles in plane triangulations, Discrete Math. 197/199 (1999) 453–467.
[14] S. Jendrol’, I. Schiermeyer, On a Max-Min problem concerning weights of edges, Combinatorica 21 (3) (2001) 351–359.
[15] E. Jucovič, Strengthening of a theorem about 3-polytopes, Geom. Dedicata 13 (1974) 233–237.
[16] A. Kotzig, Contribution to the theory of Eulerian polyhedra, Math. Slovaca 5 (1955) 111–113.
[17] B. Mohar, Light Paths in 4-connected graphs in the plane and other surfaces, J. Graph Theory 34 (2000) 170–179.
[18] J. Zaks, Extending Kotzig’s theorem, Israel J. Math. 45 (1983) 281–296.
